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Abstract:

The present paper discusses and compares three different patent licensing regimes: a fixed fee, a per unit royalty and
an auction in a homogeneons good Conrnot market in which we find three competing firms where one of them is a
patent holding firm. We suppose that innovative firm owns a process innovation reducing the marginal production
cost by € . The key difference between the present model and nodels in the existing literature is that here we suppose
the excistence of an imitation risk of the patented innovation. In fact, we suppose that in situation of no licensing, a
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that optimal licensing regime for an innovative firm depends on the magnitude of imitation compared with the
magnitude of innovation. In fact, when innovation is not drastic compared with imitation, licensing by mean of
royalties is better for the innovative firm while no licensing is the best strategy for an innovative firm when
innovation is drastic compared with imitation. We also find that consumer surplus and total surplus are better with
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worst licensing strategy for consumers and total surplus.
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1. Introduction

Firms apply for patents in the hopes of protecthmgr innovations against imitation by other
competing firms. By patenting an innovation, anowattive firm benefits of a licensing
revenue. The most known licensing regimes are edfitee which do not depend on the
guantity produced, a per unit royalty dependingtmn quantity and an auction in which the
patent holding firm sells a number of licensesh®highest price.

When innovative firm is active on the market, inasse its own innovation to produce at a
lowest marginal cost. In fact, a process innova@dlows to reduce the marginal cost of
production and so to increase competition betweersf A patent holding firm will decide to
license its innovation or not depending on its lta@venue without licensing and with
licensing. If the total revenue of an innovativerfiwhen licensing is higher than its profit
without licensing, the best strategy for a patesidimg firm will be licensing. When the total
revenue when licensing is lower than its profitheiit licensing, the best strategy will be to
become a monopoly and to not share the new tecgyolo

Authors in the literature have studied many moddilcussing technology transfer and
comparing different patent licensing regimes acicgrdo magnitude of innovation and the
position of the innovative firm: inside or outsidé the market, the kind of innovation:
process innovation or product innovation and hauendl many different results. The key
difference between the present model and modethanrexisting literature is that here we
suppose the existence of an imitation risk of theepted process innovation. We can find
imitation in all industries. In fact, when there hcensing, non innovative firms will try to
imitate the new technology with some magnitude Witian depend on the power of imitation
of a non innovative firm or the weakness or thergjth of the innovation.

In this paper, we will study licensing strategiespeinding on the magnitude of imitation
compared with the magnitude of innovation and tffeces of each strategy on prices,
consumer surplus and total surplus.

We show that when innovation is not drastic comgbaveth imitation, royalties are better for
an innovative firm. However, when innovation is stra compared with imitation, the best
strategy for an innovative firm is to become a nqoilp and to not license its innovation.

We also show that consumer surplus and total ssigoie better with a licensing by a mean of

fixed fee or an auction and that royalties arevtbest strategy for them.



2. Revue of literature

Many authors were interested by the intellectualpprty and patent licensing regimes. We
can find different papers with different models adifferent results depending on many
parameters like the position of the innovative fiinside or outside of the market, the kind of
competition: Cournot or Bertrand, kind of the prodd goods: homogeneous or
differentiated, the structure of the licensing caat simple or combined, kind of innovation:
process innovation or product innovation, kindtofly: theoretical or empirical

Kamien and Tauman (1984, 1986), Katz and Shap®8g), Kamien and al (1992) focused
on the position of the innovative firm. They firfltat when innovation is not drastic, royalties
licensing is not better than licensing by a meafixefd fee or an auction.

Wang (1998) studied a Cournot model in which theouative firm is inside of the market
and compared royalties and fixed fee licensingfikie that when innovation is not drastic a
royalties licensing can be better that a fixed lfeensing. In other extension, Wang (2002)
compared the two licensing modalities in a difféleed duopoly and find that royalties
licensing is better than a fixed fee licensing &or innovative firm. He also finds that
consumer surplus is better with fixed fee than logs

Giebe and Wolfstetter (2006) studied a combinabetween auction and royalties and find
that when innovative firm is outside of the markidis combination is better that auction,
royalties, fixed fee and combination between rogaland fixed fee. Sen (2002) show that, in
a Cournot oligopoly, an innovative firm can realit® monopoly profit with a royalties
licensing contract. Sen (2005), in an extensioowsthat when the number of licenses can
take only integer values, royalties licensing carbbtter than fixed fee or auction licensing.
Caballero, Moner and Sempere (2002), show thaturoes surplus is better with a fixed fee
licensing. Sandonis and Fauli (2002) show thatltstaplus is lower with a Bertrand
competition when innovation is enough drastic archbmogeneous goods.

In other papers, some authors compared the steatefjipatenting an innovation and keeping
the secret. Encaoua and Lefouili (2006) show thegd innovations are likely to be kept
secret whereas small innovations are always paterifbey also show that, medium
innovations are patented only when patent streisggbfficiently high.

Tauman and Aoki (2001) studied the licensing by me& an auction in an oligopoly in
presence of imitation and find that more the inriveafirm sells licenses more non licensing

firms become efficient.



Sohn (2008) compared strategies of imitation amdwvation. He finds that imitation strategy
is better when it allows a higher reduction of ni@agjcost. He also finds that imitation brake

innovation but increase total surplus.

3. Games stages

Game consists in three stages. In the royaltiesfiaed fee licensing regimes, in the first
stage, the patent holding firm choose a fixed fe@ @er unit royalty maximizing its total
revenue equal to the sum of its production profitl és licensing revenue. In the second
stage, firms 2 and 3 decide to accept or not trendie offer of the patent holding firm. In the
third and last stage, firms 1, 2 and 3 determirar thquilibrium quantities in a Cournot
competition. We suppose that non licensed firm§imiltate the new patented technology and
will benefit of an imitation reducing cost gfwhile licensed firms benefit of a reducing cost
of £ (y<¢)

In the auction licensing, in the first stage, tla¢emt holding firm will decide of the number of
licenses. In the second stage, firms 2 and 3 dexiidaltaneously and independently of the
auction amount. In the third and last stage, firms2 and 3 determine their equilibrium

guantities in a Cournot competition.

4. Model

We consider 3 firms in a Cournot market producirigpenogeneous good

We find three firms on the market: the patent haddiirm and two non innovative
firms.
- Inverse demand function is:

p=a-bQ, where p denotes the price ar@ total output of the market
- With the old technology, the three firms producea abnstant unit cost, (0<c<a)
- The new technology of the patent holding firm akot® reduce the unit production
cost of ¢
- When they are not licensed, non innovative firmstate the new technology and
reduce their unit cost gy (0< y < ¢). ydenotes the industrial spy parameter.
-  We suppose that # @ven when the patent holding firm do not liceWe. suppose

that imitation risk is always present.



- Entry of new firms is not profitable

Cournot equilibrium

We consider Cournot equilibrium in a three firmsrke& with production unit costs, c,
andc, respectively of firm 1, firm 2 and firm 3.

Equilibrium quantities are:

1)
*=a_301+C2+C3 *:a—302+c1+03 *=a_3C3+C1+Cz
% 4b % 4b T 4b
Equilibrium profits are
2)

(a-3c tc, +C3)2 JT* = (a-3c, +C1+C3)2 JT* = (a—3c, +C1+Cz)2

mr= :
! 16b 2 16b 3 16b

5. No licensing

We consider in this section that patent holdinghflvsenefit alone of the new technology and
do not license the process innovation to firms @ &nUnit production cost of innovative firm
will be ¢, =c—-& while unit production costs of non innovative fsmwill be

C, = C, = Cc—ysince they imitate the patented new technology withagnitudeg .

Using equations (1) and (2), we distinguish betwega cases: drastic and non drastic
innovation compared with imitation. A drastic indon compared with imitation yield to a

monopoly on the market. In fact, in this case, pat®lding firm can sell its product at a price
equal or lower than production unit costs of nocetised firms. Innovation is drastic

compared with imitation whel > 2y + a—c and non drastic when< 2y +a—-c.

Since y < £ <c we can rewrite drastic conditions as follows:

Innovation is drastic wheBly +a—c< &£ <c and it is non drastic wherk e <2y +a-c.

1.1. Non drastic innovation compared with imitation(y <& <2y+a-c)




Cournot equilibrium outputs are:

(3)
NL:a—C+3£—2y qNL: NL NL:a—C+2y—£
' 4b ’ ? ° 4b
Equilibrium profits are:
(4)
- =(a—c+3‘g—2y)2 o :ﬂ_zNL :7T3NL _ (a-c+2y-¢)?
16b 16b
1.2. Drastic innovation compared with imitation (2y+a-c<é&<c)
Cournot equilibrium outputs are:
5)
qNL:a_C+£ qNL:qNL:qNL:0
1 2b ’ 2 3
Equilibrium profits are:
(6)
a-c+¢)?
ﬂlNL :( n ) , N :n_zNL:ﬂ3NL_O

6. Fixed fee licensing

Let’'s consider in this section that the licensiegime is a fixed fee. We assume that patent
holding firm charges a fixed fee equal to F to firthand 3 in exchange of a license.
Fixed fee F is not depending on the output produmethe firm buying the license. Since our

model supposes the existence of two non innovéitives, we have to consider two cases:
- Only one license is sold and we denoterhg and grespectively profit, unit cost and
the output of the licensed firm. We denote s5c and g respectively profit, unit cost
and the output of the on licensed firm.

- Two licenses are sold and we denote7bx=z anda respectively profit, unit cost and

the output of the firms using the new technology.



6.1. Only one license is sold

Production unit costs are: = c=c-e¢, andc=c-Jy

We obtain:
(13)
_—_a-c+2&-y _a-c+3y-2¢
% =4 4b 4 4b
(14)
_ _ Y _ _ 2
7 =Tr= (a-c+2c-y) = (a-c+3y—-2¢)
1€b 16b
611 If y<e<¥Ta-C
Cournot equilibrium Outputs are:
(13)
_—_a-c+2&-y _a-c+3y-2¢
% =4 4b = 4b
Cournot equilibrium profits are:
(14)
_ _ _ 2 _ _ 2
7 =Tr= (a-c+2c-y) = (a-c+3y-2¢)
1€b 16b
6.1.2. If > +2a—c <eg<c
Cournot equilibrium Outputs are:
(15)
—_a-c+e¢
=Qg= ,g=0
0. =49 B q
Cournot equilibrium profits are:
(16)
_ _ 2
== m, = 0
%



3y+a-c

If y<e< (non drastic innovation)

Using equations (14) and (4):

(a7)

E = 7o = 3(2as—2ay - 2ce + 2cy + -y

16b

Total revenue of the patent holding firm is (us{&@) and (14))

(18)
— —1)? - _ 2 _ .2
T AF = (a-c+2e-y)" 3Rac-2ay-2ce+2cy+e” —y7)
16b 16b
RT = ;7 + F = & —2ac+10as —8ay +c* ~10ce +8cy + 7" ~ Aey - 2)°
1~ /4 -
16b

Comparing equations (18) and (4) we find
m+FE> 7TlNL (Appendix 1)

3y+a-c

Wheny < ¢ < , the patent holding firm has interest to licenseyanie firm because

its profit is higher than the non licensing regime.

3y+a-c

If <g<cC

o +a- o .
We distinguish between two case?%y%<£< 2y+a-c (non drastic innovation) and

2y +a—-c<¢g<c (drastic innovation)

6.1.21 yra-c

<& <2y+a-c (non drastic innovation)
Using equations (16) and (4) :
(19)

. _ 7a% —1dac+50ae + 7¢? —50ce + 7£? — 36ay + 36cy — 36y + 36)€
144b

Fz%—n

Total revenue of the patent holding firm using eauns (19) and (16) is :



(20)

232’ —46ac+82as + 23 —82ce + 23¢* —36ay + 36¢cy — 36)° + 36gy
144

Comparing equations (20) and (4), we find:

7 +F =

+ —_
m+F > if Sy+ra-c

<£<1,788/+0,788a—-c) (Appendix 2)
m+F <™ if 1,789 +0788a-c)<c<2y+a-c (Appendix 2)

When?’er—Za_C <¢£<1,78%+0,788a—-c), patent holding firm has interest to license only

one firm because its profit is higher than the hognsing regime.
When1,788 +0,788a—-c) <e<2y+a-c on licensing is better for patent holdingfithan

licensing only one firm.

6.1.2.2. 2y+a-c<eg<c (drastic innovation)

Using equations (16) and (6):

(21)
Eogo = (@-Cte)’
%
Total revenue of the patent holding firm, using a&gns (21) and (16), is:
(22)
_ 2
T AF = 2(@a-c+¢)
%

Comparing equations (22) and (6), we find:
7T, +F < ﬂlNL

fm_ 2
Since RTllF - 77'1'\"- = M <0
36b

Patent holding firm has not interest in licensinges its profit is lower than the non licensing

regime.
6.2. Two licenses are sold

Production unit costs are: = E =c-¢. Replacing in equations (1) and (2), we obtain:

(23)



a—-c+t¢

R RS
(24)
— _ 2
== (a-c+¢)
16b
F=m-m"

We have to consider two cases singg~ depends on the magnitude of innovatien
compared with imitatiop .

a-c+2y-¢)°
In fact, fory<e<2y+a-c, we have ™" =m," =" - y=¢)

and for
: 16b
2y+a-c<e<c wehavel ' = 7T2NL = 7T3NL =0.
6.2.1. y<é&<2y+a-c (nondrastic innovation)
Using equations (24) and (14) we find:
(25)

S y)(:tb— c+y)

Patent holding firm total revenue, using equati@t and (24) is:

(26)
7, 4+ 2F = a’ - 2ac+10as +c” —100;;52 —-8ay+8cy—8y° +8ye

Comparing equations (26) and (4) we find (Apper)ix
NL - 3y +a—cC
mM+2F > if y<e<———

7+ 2F < ™" if HHaTC copra-c

10



, patent holding firm has interest to license firth@nd 3 since its

Wheny < £<3y+%

profit is higher than the non licensing regime. WE%%<£< 2y+a-c, the non

licensing strategy is better than the two licensgime for the patent holding firm.

6.2.2. 2y+a-c<e<c

Using equations (24) and (16), we find:

(27)
VR
? 16b
Using equations (27) and (24), we compute totaémere of the patent holding firm:
(28)
_ 2
7, + 2F = 3(a-c+¢)
16b

Comparing equations (28) and (4) we find:

77£L+2F<77iNL

a-c+eg)
In fact, RT, - 71" = —(— <0
v 16b
The patent holding firm has not interest to licettse two firms and would better to sell no

license wher2y + a—c < £ < csince no licensing regime profit is higher thantdtal revenue

in the two license regime.

6.3. Comparison between fixed fee regimes of one licenaed two licenses

3y+a-c

We distinguish between three casey.<e¢< (non drastic innovation),

3y+a-c . : .
2rra“e £<2y+a-c (non drastic innovation) and2y+a-c<é&<c (drastic
innovation)
+ —_
° If y< e< M

Comparing total revenues of the patent holding firmregimes of one license and two

licenses (using equations (26) and (18)), we find:

11



RT* <RT" (Appendix 4)

3y+a-c

If <g<2y+a-c

Comparing total revenues of the patent holding firmregimes of one license and two
licenses (using equations (26) and (20)), we find:
RT* <RT" (Appendix 5)

e If 2y+a-c<e<c
Comparing total revenues of the patent holding firmregimes of one license and two

licenses (using equations (28) and (22)), we find:

RT” <RT" (Appendix 6)

6.3.1. Comparison of the patent holding firm profits

3y+a

-C . :
a)y<e <T (non drastic innovation)

Comparing patent holding firm total revenue for theee fixed fee licensing strategies ( one
license, two licenses and no license) we find Rgt" > RT>" > 71" .
Patent holding firm has interest to sell only cense.

3y+a-c

b) < g <2y+a-c (non drastic innovation)

Comparing patent holding firm total revenue, wealfin

3y+a-c

. RTllF > 7T1PL > R'I'l2F when <£<1788/+0,788a-c): Patent holding

firm has interest to sell only one license.
« " >RTY >RT*" when 1788/ +0,789a-c)<&<2y+a-c: Patent holding

firm has interest to sell no license.

C) 2y +a—c< ¢ <c (drastic innovation)
Patent holding firm do not license its innovatiamce its profit is higher than the one license

and the two licenses fixed fee regimes.

anL S RTllF S RT12F

Result 1

12



For a fixed fee regime,

. y<e< w (non drastic innovation)
17)
_ _ 2 _ .2
Fixed fee ig- = 32(e y)(alﬁg) te oy , only one license is sold
(18)
Total revenue of patent holding firm is
a’—2ac+10as —8ay+c® —10ce +8cy + 7% — 4ey - 2)°
1€b
yta-c <£<1,788y+0,788a-c) (non drastic innovation)
(19)
2 _ 2 _ 2 _ _ 2
Fixed fee i€ = 7a” —14ac+50as + 7¢c” —50ce + 7&° —36ay + 36¢cy — 36y +36w’ only
1440
one license is sold.
Total revenue of patent holding firm is
(20)
23a’ - 46ac+82acs +23¢° -82ce + 23¢” —36ay + 36¢cy — 36)° + 36y
144b
= 1788 +0,788a-c) <& <2y+a-c (non drastic innovation)
Patent holding firm do not license its innovation.
(4)
_ _ 2
Patent holding firm profit isz,”~ = (a-c+3:-2)
1€b
= 2y+a-c<ég<c (drastic innovation)
(6)

13



—_ + 2
Patent holding firm do not license its innovatio as monopoly profit iz, = (azcre)” Zb £)

6.3.2. Surplus comparison :

Comparing consumer surplus and total surplus we fivat they are higher when patent
holding firm sell two licenses (Appendix 7, 8, 9)

7. Royalties licensing regime

We consider here that the licensing regime is aupérroyalty. Let's denote by r the per unit

royalty charged by the patent holding firm to tleehsed firms. We suppose that the per unit
royalty r D[O, 5] unless non innovative firms will not buy licenskst’s denote by7=7, ¢ and

a respectively the profit, unit cost and output iofns using the new technology. Unit costs

arec, =c-¢&, andc=c—e+r.

From equations (1) and (2), Cournot equilibriumpots are:

(29)
g, = a-c+e+2r a_ a-c+e-2r
' 4b ’ 4b
Cournot equilibrium profits are:
(30)
_(a-c+e+2r)> = (a-c+e-2r)?
=  TT=
1€b 1€b
Patent holding firm total revenue:
(31)

= _ 2 _ _
77 +2rq = (a—-c+&e+2r) o (a—-c+&-2r)
16b 4b

(Appendix 10)

71. If y<e<a-c

14



Computing the optimal value of the per unit royalty= £ in equations (29) and (30), we find

the following equilibrium outputs and profits oftithree competing firms:

(32)
q, = a-c+3¢ ~_a-c-¢
' 4 4b
(33)
_(a-c+3g)? el (a-c-¢&)?
! 160 ' 16b
Total revenue of patent holding firm, using equa{i81):
(34)

= _ 2 A R Y: _ 2
7T +2rq = (a-c+3¢) +ts(a c—¢&) :(a C)° +1l4s(a—-c)+¢
16b 2b 16b

(3a-c)+e&)

Consumer surplus iISC=
32b

15a-c)’ +10s(a-c) + 23¢>
32b

Total surplus isST =

72. If eza-c

a—-ct+¢

Computing the optimal value of the per unit royalty= in equations (29) and (30)

we find:
(35)
a-c+e =
= ,g=0
O b q
(36)
- 2
Using equation (31), total revenue of patent h@dirm equals:
(37)

= _ 2 _ 2

15



(a-c+e)

Consumer surplus iISC= b

3a-c+e)f

Total surplus isST =
8b

7.3. Comparison
e If y<e<a-c

- RTroyaIties > RTNL

2 firms

According to equations (34) and (4), licensing tle firms in the royalty regime is better
than no licensing for the patent holding firm (Apdex 11).

- Sqoyalties < SCNL

firms
No licensing is better for consumers than royaltieicensing since

S r(;i)'/’il]tsies —-sCM = _y(3(a_8cl;) té& +y) <0

- S-I-royalties < S-I-NL If y< £<

2 firms

5(a B ;) + 7y and S-I-royalties S STNL if

2 firms

@Y _ pcacg

When innovation is not drastic compared with inmdtaf total surplus is higher under no

licensing regime ST/2/a%es — gTNE = — y(5(a- Z)b_ 9¢ +7y)

e If a-c<e<2y+a-c

- RTroyaIties > RTNL

2 firms
Using equations (37) and (4), we find that licegdny royalties is better than no licensing for
the patent holding firm since its profit is higlveith royalties licensing regime.

B(a-c)+5c-2p)(a-c—€+2)) >0
1€b

|n faCt, RTroyaIties _ RTNL =

2 firms

- Sc;rzoyalties < SCNL

firms

Consumer surplus is better under no licensing regim

16



S r(}yalties _SCNL - _(a_C_E + 2y)(5(a—C) +3€ + 2y) < O
irms 32b

= ST >ST" if a-c<e<2y+a-cand ifg>w

STyl « STM jf a—c<e<2y+a-—c andife < w

Total surplus is better under no licensing reginfeemvinnovation is not drastic compared

with imitation sinceST,%2" — STV = — (@-c-e+ Zy)(ggz_ c-lle+14y)

e If e>2y+a-c
When innovation is too drastic compared with initat royalties and no licensing regimes

are equivalent for the patent holding firm, constsrend total surplus (Appendix 12).
Proposition 1

When € <a-c (non drastic innovation), optima royalty rateris= ¢ and the two firms are

licensed. When a-c<&<2y+a-c (drastic innovation), optimal royalty rate is

-c+ , . , .
r* :&25 and the two firms realize profits equal to zeroha&l £ > 2y + a—c (drastic

innovation), patent holding firm do not licenseiitaovation and become a monopoly.

Comparing previous results, we can say that thenpdiolding firm has interest to license its
innovation under royalties regime when innovatiemot drastic compared with imitation.
Concerning total surplus, we find that when innavatis not licensed and when it is not
drastic compared with imitation or too drastic,atasurplus is higher. When innovation is

intermediate compared with imitation, total surpkibetter when innovation is licensed.

8. Auction licensing

We consider in this section that innovation is Saléxchange of an auction. We denotebby

the maximum amount that firms 2 and 3 can pay toalicense.

17



Two cases follow:
- The license is sold to only one firm. We denote?by_z anda respectively the profit,
unit cost and output of the licensed firm and/pg and grespectively the profit, unit

cost and output of the non licensed firms.

- The license is sold to two firms. We denotefm_: and athe profit, unit cost and

output of the firms using the new technology.

8.1. only one license is sold

Production unit costs aqe=5 =c-¢& andc=c-y. Using equations (1) and (2) we obtain:

(38)
_—_a-c+2&-y _a-c—-2+3y
%=1 a2 4b
(39)
_ - Y P 2
== (a-c+2e-p) = (a-c—-2c+3py)
16b 1€b
s |f £< M
Cournot equilibrium outputs are:
(38)
_—_a-c+2&-y _a-c—-2+3y
%=1 a2 4b
Cournot equilibrium profits are:
(39)
_ _ _ 2 A~ 2
== (a-c+2e-y) = (a-c—-2c+3))
1€b 16b
Cournot equilibrium outputs are:
(40)

18



—_a-c+¢
0. =Q9=

’ :O
3b d

Cournot equilibrium profits are:
(41)

—_(a-c+e¢)?
77;L = ﬂ:gl LT:O

%
Since innovation is drastic iff>2y+a-c and non drastic §<2y+a-c, we will
distinguish between two cases:

3y+a-c

8.1.1. £< (Non drastic innovation)

Using equations (39) we compute the amount of tioéi@n:

(42)
E=7eg=@ZCtY(E—Y)
- 2b
The patent holding firm total revenue, using ecquregi(39) and (42), is:
(43)
| @CT2e-p)7 (a-ctp)e-p)
. 160 2b
_(a-c)® +4e” +12e(a—c) -10y(a—c) + 4y - 7y°
16b

Comparing equations (43) and (4) we firg+ E > 7, (Appendix 13)
1

y+a-

When ¢ < , licensing one firm is better for the patent holdfimgy than no licensing

since its total revenue is higher.

8.1.2. £€> M

- . y+a-c - .
We distinguish here between two caseg:Ts & <3y+a-c(non drastic innovation)

and € = 3y +a—c (drastic innovation)

19



3y+a-c

8.1.2.1. < &< 2y+a-c (non drastic innovation)

Using equations (41) we find:

(44)
_ _ 2
E=m—m= M
- %
Total revenue of the patent holding firm is:
(45)
_ 2
G +E= 2@-c+¢)
9
Using equations (45) and (4) we find:
it ¥FA7C 1704y +07947a~c) then g + E- 7™ >0 = RTE > ™
If 1,794y +0,79471a-c)<s<2y+a-cthenm+E-m" <0 = RT <™
(Appendix 14)
The patent holding firm has interest to license onefirm,

When?’y+—;_cse<l794y+0,7947(a—c), since its profit is higher then non licensing.

However, whei, 794y + O,7947(a—c)s £<2y+a-c, its non licensing profit is better then

total revenue of one firm licensing.

8.1.2.2. ¢&£=2y+a-c (drastic innovation)

The amount of auction, using equations (41) is:

(44)
_ _ 2
E :n—n:—(a cre)
- %

Using equations (41) and (44), total profit of gagent holding firm is:

(45)
_ 2
G +E= 2(a-c+¢)
9

Comparing equations (45) and (6), we fimg:+ E < 7"
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It appears that the patent holding firm has nariggt to license one firm since no licensing is
better than licensing.

L__[(a-c+e

2
In fact, 77, + E - 73," ) <0
36b

8.2. license sold to the two firms

Production unit costs aqe=z =c-¢£. Replacing in equations (1) and (2), we obtain:

(46)
q =a= a-c+e
' 4b
(47)
— _ 2
== (a-c+¢)
16b
E=n-n

We have to consider two cases sirceis depending on the magnitude of the innovation

compared with imitatiop .

— — — 2 —
If £ <M we haverr = (a-c-2+3y) , and wheng >M we haverr=0.
1€eb 2
8.2.1. ¢ <M (non drastic innovation)

Using equations (47) and (39) the amount of auadon

(48)
E=7re = 3(e-y)(—€-2c+2a+3y)
- 1€b
Using equations (48) and (47), total revenue ofpdient holding firm is:
(49)
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— 2 — — —

7, + 2E = (a-c+¢) +23(5 Y)(—-€ —2c+ 2a+3y)
16b 16b

_ (a—c)® -5¢” +14¢(a-c) -12y(a-c) + 24ey - 18y*

16b

Comparing equations (49) and (4) we find; + 2E > 77" (Appendix 15)
: . . . : . : : 3y+a-c
Licensing two firms is better for patent holdingnii than no licensing wheg < ———

since its profit is higher

820 gxyta-c

o +a- . .
We distinguish here between two casgg:zaics £ <3y+a-c (non drastic innovation)

and ¢ > 3y +a—c (drastic innovation)

3y+a-c

8.2.2.1. < £<2y+a-c (non drastic innovation)

Using equations (47) and (41), we find:

(50)
— _ 2
E == (a-c+e)
- 1€b
Using equations (50) and (47), patent holding fiotal revenue is:
(51)
_ 2
7T+ 2E = 3(a-c+¢)
1€b

Comparing equations (51) and (4), we find:

3y+a-c

If <£<1577%+05774a-c) thenm, + 2E- " >0 = RT* > 7"

If 15773 +05774a-c)<e<2y+a-c thenm +2E-," <0 = RTF <™
(Appendix 16)
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Whens"w—za_C SE<L577Y+ O,577€(a—c), licensing one firm is better than no licensing.

However, whenl,5773/+ O,577C{a— c) < £<2y+a-c no licensing is better than licensing

one firm.

8.2.2.2. ¢&=2y+a-c (drastic innovation)

Using equations (47) and (41) we find:

(50)
— _ 2
E == (a-c+¢)
- 16b
Total revenue of patent holding firm, using equagi¢50) and (47), is:
(51)
_ 2
7T+ 2E = 3a-c+¢)
16b

Comparing equations (51) and (6), we fimg:+ 2E < 7"

No licensing is better than licensing the innovatio two firms since the no licensing profit

(a-c+e

2
of the patent holding firm is higher. In famgt + 2E - 73, = - & ) <0

Proposition 2

Selling two licenses is better for the patent haydirm than selling only one license when
. o , e 1y +2(a- , . L
innovation is not drastic compared with imitatign< € < w) since its profit is
higher. When innovation is enough or too drastimpared with imitation

S 11y

(e #), selling only one license is better for the pateviding firm (Appendix

17).

Result 2

For an auction licensing,
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LI <%9(a—c) (non drastic innovation)
(48)
The auction i€ = (g — y)(2(a1;§) —£r3y)) , license is sold to two firms.
Ly+ Z(a_ ©) <e< /4 +2a— ¢ (non drastic innovation)
(42)
The auction isE = (5 — y)(;b—c+ 2 , license is sold to only one firm.
yta-c < &< 2y+a-c (innovation non intense)
(44)
_ 2
The auction i€ = w, license is sold to only one firm.
(45)
_ 2
Total revenue of patent holding firm TR, = W
= ¢>2y+a-c (drastic innovation)
Patent holding firm do not license and become aapoly.
(6)

_ 2
Patent holding firm profit is(ajr—bhg)

Proposition 3
Consumer surplus and total surplus are higher wthentwo firms benefit of a license.

Licensing only one firm is better than no licensfogconsumers and society (Appendix 18)

9. Optimal licensing regime for patent holding firm
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9.1, If y<e<i¥*t2a=c

Royalties licensing is better for the patent hajditrm. The worst licensing regime is no
licensing. In fact, comparing equations (34), (349), (43), (18), (26) and (4) we find:

R.I.lRoyalties > R-I-lZE > RTllE > RTllF > RTlZF > RTlNL (Appendix 19)

11y +2(a-c) cg< 3y+a-c
9 2
Royalties licensing is better than auction licegqgiAppendix 20). Comparing total revenue of

9.2. If

the patent holding firm for other regimes, we find:

than

i 1lly+2(a-c) << 4y+3a—c

R-l-lRoyaIties > RTllE S RT12E S RTllF > RT12F S RTlNL (Appendlx 21)

4y+a—c<£<3y+a—c

If than

R-ERoyaIties S R-I-llE > R-IllF S R-I-lZE S R-I-lZF > R-ENL (AppendIX 21)

3y+a-c

9.3. If < £<1,789/+0,788a-c)

Royalties licensing is the best regime. While fixee licensing to two firms is the worst
licensing regime.

R-ERoyaIties S R-I-llE > R-IllF S R-I-lZE S R-I-lNL > R-|12F (Appendlx 22)

9.4. If 1,788 +0,788a-c)<e<2y+a-c
Royalties licensing is the best regime. While meitising is better than fixed fee licensing

R-IlRoyalties S RTllE > RTLZE > RTLNL S RTllF S RTLZF (Appendlx 23)

95. If 2y+a-c<e<c
Comparing equations (37), (6), (45), (22), (51) &), we find
{R-I-lRoyalties - R-I-lNL} S {R.I-llE - R-I-llF} S {RT12E - RT12F}

The patent holding firm has interest to not licetsénnovation (Appendix 24).
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Proposition 4
Patent holding firm has interest to license by hligs regime when innovation is not drastic

or intermediate compared with imitatiory € £ <2y +a-c). When innovation is drastic
(2y+a-c<eg<c), the optimal regime for the patent holding fireno licensing. For equal

licenses, auction is better than fixed fee licegsin
When patent holding firm has to choose betweendfife or auction licensing, the optimal

strategy maximizing its total revenue is to licerbe two firms by an auction when

. . . . 1ly+2(a-c . , .
innovation is not drastic < £<%) and to license only one firm by auction

1lly+2(a-c)
9

when innovation is intermediate compared with it ( <g<2y+a-c).

When imitation is drastic, the best strategy idicensing and becoming a monopoly.

10. Optimal regime for consumers in terms of the price

» If y<e<2y+a-c (non drastic innovation)

. + —
The higher price appears in the royalties licensggjmep " :afficg. We show

that the output price of no licensing is lower tharroyalties

licensingp™- = a+30;£ — 2y' We also find that the output price in fixed faeaoiction

licensing to only one firm is higher than the priecd no licensing regime.

p'f =p'F = at3c-2ey . The lowest output price is obtained in auctiorfieed fee

2F - a+3C—3£

licensing for two firmep*® = p
= If 2y+a-c<é<c
When innovation is drastic compared with imitatitime highest output price is obtained

atc—-¢

in no licensing or royalties licensimg" = p"* = . However, auction or fixed

fee licensing to two firms are the best for constsmethe point of view of the price of the

2F - a+3C—3£

output equal tp** = p 1
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Proposition 5

Output price is lower when patent holding firm hee its innovation to the two firms by a

fixed fee or an auction and it is equalpd = p** :w. The price is higher when

the patent holding firm become a monopoly and fadrastic innovation compared with

imitation and equals tp"- = L;_g. Price is higher when licensing is by mean ofyaly

when innovation is non drasticyke<a-c) with a royalty output price equal to

. +3c— . L : : -
oyalies _ 3+ 3CE or when innovation is too drasti@ac< <2y +a-c) with an input

royalties _ atc—-¢&

price equal tg >

11.Optimal licensing regime for consumers in terms o$urplus

We find that consumer surplus for non drastic amdstic innovations compared with
imitation (y <&e<2y+a-—-c or2y+a-c<é&<c), is better when innovation is licensed by a
mean of a fixed fee or an auction with the same bemof licenses. We also find that
licensing the two firms by a mean of royalty orefikfee is better for consumers than licensing
only one firm. Finally, we show that no licensingroyalties licensing are the worst regimes
for consumers.

SC(2F) =SC(2E) > SC@F)=SC(@E) > SCNL) > S(royalties)

12.Optimal regime in terms of total surplus

Total surplus is higher when two firms are licenbgdmeans of fixed fee or royalty. When
innovation is not drastic compared with imitatidixed fee licensing regime is better than
auction. If innovation is drastic compared with tiatiion, than total surplus is higher two firms
are licensed under auction regime. Finally, whesrehs no licensing, total surplus is lower
(Appendix 25).
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Conclusion

We tried in this paper to find the best licensiegimes for a patent holding firm in presence
of imitation of a process innovation. We showed thatal revenue of the patent holding firm

is optimal under royalties licensing regime for tlions wheny <e<2y+a-c. For a

drastic innovation compared with imitation, we fduhat the innovative firm has not interest
in licensing and should become a monopoly.

Comparing optimal licensing regimes for the pathotding firm and optimal licensing
regimes for consumers, we find that royalties I83eg which is the best licensing strategy for
the innovative firm is not the best strategy fonsemers since the best strategy for them is
fixed fee or auction. Consumer surplus and totgblss are higher when the licensing regime
is by a mean of fixed fee for two firms or by a mex an auction to two firms. While the
worst licensing regime is no licensing or licensimg mean of a royalty. The second best
licensing regime for the patent holding firm isauction which is better than royalties regime

for consumers and for total surplus.

28



Appendix 1

E-y\-e+2a+3y—-2c
(e-»X )
8b

3y+a-c
RTY - = >0 for y<e<XTa7C

y<é& - e-y>0
—£+2a+3y—2c:—(5—2(a—c)+3y)>0D£D[y,3y+—2a_C}

j(e—y)(—£+2a+3y—2c)>o
8b
- RT" -m">0

Appendix 2
RTYF _ Pt = 7a’ —14ac+14ac +7¢® —14ce — 29¢? - 362 + 72y
1 A 720
_—29” +£(14(a-c)+72y)+7(a-c)* -36y°

720

Roots of - 29¢2 + £(14(a—c)+ 72y)+ 7(a- c)f’ —36y* are

£'= 7_6\/7(a—c)+ 36_6\/7y andg"'= 7+6J7 (a-c)+
29 29 29 29
£'=-0306(a-c)+0693 and&"=0,788a-c)+1,788/

If —0,306(a—c)+ 0,693 <&<0,784a-c)+1788 than
- 29¢2 + g(14(a-c)+ 72y) + 7(a-c)* -36y* >0

If £<-0,306(a-c)+ 0,693y or £>0,784a—c)+1,788 than

-29¢? + £(14(a-c)+ 72y)+ 7(a-c)* - 36y* <0

n3y+a—c

Whe <g<2y+a-c ,the polynomial

—29¢? +£(14(a-c)+72y)+7(a-c)* —-36y* has two signs :

If 3y+—2a_c<g<1,788/+ 0,789a-c) than

- 292 + g(14(a-c)+72y) + 7(a-c)’ - 36y> >0 meansRT" -7 > 0

36+ 647
y
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If 1,788 +0,788a-c)<e<2y+a-c than
-29¢2 + g(14(a-c)+72y)+ 7(a-c)’ - 36y* <0 meanRT," - <0

Appendix 3
—y-26+3y+a- _
RT12F -t = (5 V)( 22b3y a C) >0 Wheny<£<3y+a c
—-y)-26+3y+a- _
RT12F _ﬂlPL - (g y)( 2¢+3y+a C)<O whenM<£<2y+a—c
4b 2
y<& e £-y>0
[ 3y+a-c
-2e+3y+a-c=—(26-3y-(a-c))>00e0 VVT}
_ [ 3y+a-c
-2e+3y+a-c=—(26-3y-(a-c))<00e0| X———=2y+a-c
Appendix 4
RTZ = a’ -2ac+10as +c” -10cs + £* —8ay +8cy —8y° +8yc
! 16b
RTYF = a® —2ac+10as -8ay +c? —-10cs +8cy + 762 — 4ey - 2)°
! 16b
2
ri i =- A
8b
Appendix 5
RTZ = a® -2ac+10as +c” -10cs + £° —8ay +8cy —8y° +8yc
! 16b
RTYF = 233’ —46ac+82as + 23c? —82ce + 23¢2 —-36ay + 360y—36y2 + 36¢y
to 144b

-7¢*+e(4(a—c)+18y)-18y(a-c+y)—-7(a—c)®

RleF _ R.I_llF _
72b

Delta of the numerator is

A = (4(a—c)+18y)* -504y(a-c+ y)-196a—-c)* = -180(a—c)* - 360y(a—c) -180y° <0
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Polynomial -7&* + £(4(a-c) +18y) -18y(a—c+ ) -7(a-c)* has no roots. foe = 0
—-7c* +&(4(a-c)+18y)-18y(a-c+y)—T7(a-c)* =-18y(a—-c+)y)-7(a—-c)* <0

-7*+£(4(a—-c)+18y) -18y(a-c+ ) -7(a—c)? <0
72b

Appendix 6

thenRT,”" -RT" =

3a-c+e)

RleF _
16b

2(a-c+e)

RT11F -
9b

2
_5a-c+e) g

R-I-lZF _ RT11F -
144b

Appendix 7

s _sF = ()G : 2Géa—c)w) -0

s _gont = ey - s(a— 9+ .

s _gort = AE-VE+2@-9+y)
32b
orer _ gy = (£ y)(-19 ; g(a —9+33) _,

(e-p)-2e+9(a-c) +11y) _
8b

STF - ST™ = 1](5'1’)(5;;(‘3"3) 5o

ST?F -ST™ =

Appendix 8

17(a-c+¢)? S
28¢h
s gt = [E-V)@e+3a-0+y)
8b
(52— (a-c)-6y)Qle +17(a=c) +6y) _
28¢b

SC* -sC* =

SC*¥ -sC™ = 0



—7&% -58c£ +58ac + 72y - 7c? —7a” - 72ay + 72cy — 72y° +14ac
28¢&b

ST# - ST =

Roots of the numerator are:

£'= [29%6\/2_1)(61— c)+ [—36_76\/2_1]1/ ande&'"= [29+ 6\/2_1J(a— c)+ (—36+$\/2_1Jy

7

<2y+a-c<g" than fore verifying 3y+—2a—c <g<2y+a-c,

. ,_3yt+ta-c
smcee<T

numerator is positive which means t8at" - ST > 0

8

- 6562 — 266cs + 266as + 396)€ + 7¢? + 7a® — 252ay + 252y — 324y° —14ac

ST¥ —-ST™ =
28¢&b
Roots of the numerator are:
. (133-36V14 198-36v14
E=l— (a—c)+ —_—\y
65 65
._(133+36/14 198+ 36\14
ande''=| ——— (a—c)+ AR A
65 65
3y+a-c 3Jy+a-c

Since¢'< <2y+a-c<¢&'" than fore verifying <g<2y+a-c,

numerator is positive which means tI&f'* -ST-> 0

Appendix 9
_ 2

SCZF - SClF = M >

28¢&b

_ 2
SCZF _ SCPL - 5(a c+ E) > O

32b

_ 2
SCF -SC™ = M >0

72b

_ 2
ST?F - ST = 1l(a-c+e¢) S

28¢&h

_ 2
ST?F - ST = 7/(a-c+g) >0

32b
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_ 2
13(a-c+¢) >0

ST -ST™ =
72b
Appendix 10
ORT. 2
RTs fca-c TDB:O %<o
0 argmaxRT,, >e=>r*=¢ r
r
ORT,; _ 0°RT
RToe TDB_O arZDB<0 Eza—-cCc
0 r*:a'—gw e
Appendix 11
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-2c?+e(2(@-c)+3y)+(a-c)y—y*

RTroyaIties _ RTNL =

2 firms 4b
Numerator roots are:
£'=gy+%(a—c) —%\/yz +20y(a—c)+4(a-c)* and

5"=gy+%(a—c)+%\/y2 +20y(a—-c)+4(a-c)?

We can check that'< y<a-c<e¢ !

In fact, y—g':%y—%(a—cﬂ%\/yz +20y(a—c)+4(a—c)® >0 since

y+.y? +20y(a-c) +4(a-c)? >2(a—c).
Plotting the functiony —¢ depending on variableg andd =a-c, we can see thgt—¢ i3

always positive

10000

G000

6000

4000,

2000,

e
-

7
2 i
'ﬂn{,}iﬁ' ?‘

L

10000

10008 G000

iy
s
i
:',‘
o
o
0

£"-(a-c) :gy—%(a—c) +%\/y2 +20y(a-c)+4(a-c)* >y-&>0
Which means that numerator sign is positive

-2c%+e(2(@-c)+3y)+(a-c)y—-y°

RTzrgl)’/r;an;ies _ RTNL = >0
4b
Appendix 12
_ 2
RT 2% = RTM = m (using equations (37) and (6))
S royalties — SCNL - (a_ c+ 8)2
firms 8b
S-I-rqyalties - STNL - 3(a -C+ 8)2
2 firms 8b
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Appendix 13

7T1+E—771NL=(£_y)(6(algt))_5£+lly)>0 since for £<3y+—2a—c we have

6(a—-c)-5¢+11y >0

Appendix 14
_ 2 _ _ 2
7T1+E—771NL=2(a c+&)” (a-c+3e-2y)
o] 16b
_ 23@a-c)* + (L0 +36y)(a—c) +108&y - 49¢° - 36)”
144b

Numerator roots are:

5+§g\/§ (a-c)+ 3% 294\/§y

0257242, 54-24)2
©4g 4

ande a-c
49

£'=07947a-c)+1794y and&"=-05906a - c)+ 0,4093

Numerator is always positive when< € < ¢

Appendix 15

T +2E-m"" = (e -y)4a-c)-7¢ +11y) 20
l l 8

Appendix 16

_3a-c+e)’ _(a-c+3e-2y)°
16b 16b

_(a-c)*+2y(a-c)+6ey-3” -2y’

8b

m+2E_mNL

Roots of the numerator ag= [1—§Jy—§(a— c) ande"= [1+ ?jy+§(a ~¢)
£'=04226/-05774a-c) ande"=15773/+05774a-c)
Numerator is always positive when< € < ¢

Appendix 17
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a) If £ < M
Comparing equations of total revenue (49) and ¢4®atent holding firm, we find

(e-y)2@-c) -9 +11y)
1€b

R-I;_ZE _ R-ElE —

If y<e<

&g(a_c) then RTZ - RTE >0

i 1lly+2(a-c) <e< 3y+2a—c

then RT’® - RT'F <0
Patent holding firm profit is better when licensitwo firms than licensing only one firm

11y+29(a—c)l n11y+2(a—c)<£<3y+a—

C . L o
when y<e< whe licensing just one firm is

better than licensing two firms.

b) If g>w

Comparing equations of total revenue (51) and ¢(d%®gatent holding firm, we find

5a-c+é&)
S el S
144b

Licensing just one firm is better than licensingtiirms when innovation is drastic compared

R-I;_ZE _ R-ElE =

with imitation.

Appendix 18

In the auction licensing to only one firm:

n |fg<w

_ (3@a-0)+2e+y)?

Consumer surplusC

32b
Total surplusST = 15a-¢)° +20(a—c)£+22522b+10(a—c)y—36£y+23y2
. jf gs¥Fa-c
(a-c+¢)?

Consumer surplusC=
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4(a-c+¢)?

Total surplusST =
%

In the auction licensing to two firms:

n |f€<w

9a-c+¢)?

Consumer surplusC=
32b

3(5(a— c)’ +18a-c)e-8(a-c)y+¢&° +16£y—12y2)
32b

Total surplusST =

n |fg>m

9a-c+¢)?
32b

= 19a-c+e)’
32

Consumer surplusC=

Total surplusS

Comparison of consumer surplus and total surplus

n |f g<w
Ye-y)2a-c)+e+y)
-S = 0
SGe - SGy, - >
- a—-c¢)t+2¢+
SQE —SQ\“_ - ( y)(3( 32b) y) >0
Sg _Sq :(S—y)(G(a—c)+5£+y)>O
F . 32
ST, - ST, = Se-y)2@a-0)+e+y) 0
32b
ST —STy. = (e - y)Lia _St? ~5¢ +16y) >0 sincell(a—-c)-5¢+16y >0 when
£<3y+a—c
2
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(£ - y)(34@a-c) - 25¢ +59)

ST —-ST; = 20 >0 since34(a-c)—25¢+59 >0 when
£<3y+a—c
2
n |fw<g<2y+a—c
sc. -sc, _—(a—c—5£+6y)(17(a—c)+11‘£+6y)>o
g : 280
3y+a-c

In facta—c—5¢ +6y < Owhen <g<2y+ta-c

SC. -SC, = (5—y)(3(a—c)+2£+y)>0

32b
17(a-c+e)f
SCe —SC; = —( >80 ) >
— — )2 _ P 2 _ 2
ST, -7, = 7(@-Q"+ (166 180y)(a-c)- 79 +324ey - 252" _

28¢&b

In fact, numerator roots are:

79 79

o [162— 24\/1_1}/_[83— 24\/1_1j(a_c) I [162+ ijy+[83+ 24«/1_1](61_(:)

79 79

Which is equivalent ta'= 1,043/ - 0,043a-c) and "= 30582/ + 2,0584a - c)

Numerator is always positive wheix e <¢ .

3y+a-c

Sincee'< <g<2y+a-c<¢g" thanST. -ST, >0

—c)? _ _ o2 9.2
STze‘STNL:(a c) +(a c)(7£8b5y) £ +%y-17/ _,

a-c)’ +(a-c)(7e-5y) - &% +9ey -7y
8b

In fact, ST, — ST, = (

Numerator roots are:

g'=(9_“/§3}y—[7_;/§3}(a—c) andg,,:[9+\/§3Jy+(7+\/5_3j(a_c)

2 2 2

Which is equivalent tae'= 08599 - 014(a—c) and &"'= 814y + 714(a—c)

Numerator is always positive whelx e <¢ .

3y+a-c

Since¢'< <g<2y+a-c<g"than ST, -ST, >0
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_43a-c+¢)

2
STe = STe 8@ 0

= If £e22y+a-c

SG, -SG,, = 7(""_7—‘23;’5)2 >0
SG. -SC,, = W >0
oo, L)
ST, -ST, = Sa-c+e) _7;; ) 5o
ST, -ST, = Na-cre) '3‘23;’ ) 5o
ST, - ST = —43(""2_8‘;; I

Appendix 19
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£=1788/+0,788a—c)
£=122y+122(a—c)

€ £:2V+a'°/ £=@By+a-c)/2
E=
o) / ————————————————————————————— / —————————— : y

022(a-c)

0118a-c) 033a-c) 0639a-c) a-c C y

RTZ - RT™ = (£—y)(—2£+3y+a—c) >0
' ' 4b

R.I_llF _ RT12F _ 3(5‘— y)2 >0

8b
RTE - RTF = (5 - y)(— 3e+2(a-c) +5y) >0
' ' 16b
RTZ - RTE = (5 - y)(— 9¢ +2(a-c) +11y) >0
' ' 16b

3(52 —4ey+2y(a-c)+ 3y2) .
8b

Numerator has no roots sincé =4y(y—2(a-c))<0. fore =0 numerator sign is

sigr(Zy(a— c) + 3y2) >0

fe<a-c, R -RT* = 0

ands <a-c,we havey<a-c<2(a-c)

We can check that foy < £ < &g(a—c)

26 _ 3((a—c)2 + (4y—2¢£)(a-c)+3e” -8ey + 6y2) S
1leb

Numerator has no roots sinée= —(8y* +16y(a—c) +8(a—c)?) < . fore = 0 the numerator

0

If e>a-c, RTlnyalties _RT,

sign is sign((a— c)? + (4y)(a-c) + 6y2) >0
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Appendix 20

e _ 2a-c)e-3e" +10@@-c)y -4y +7y°

|f £<a-c, R-I-lroyalties _ RTl 0
16b
In fact, numerator roots are:
g=87Cc"2y 1 (a-c+y)a-c+25y) ande":—a_c_zy+%\/(a—0+y)(a‘0+25y)

3 3 3

We can check that'< 1y +2(a-c) 3rta-c

< &" which means thaRT, " - RT,'

is positive.

1lly+2(a-c) _ o-17y 1

Denoting byd =a-c, &'- 3\/(5+ y)0+25y) <0

9 9
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Sie>a-c, R gy = @-CHy)c4e+Ty+3@-c)

16b
Appendix 21
RTE _ RT% = £~ ¥WN0 -1y -2(@-0)
! ! 16b
RTZ - RTYF = (5_}’)(_35+a_0+4y)
! ! 4b

RT -RT," >0 if y+2a-9 _, dr+a-c

3

RTZ - RTYF <0 if 4y+a—c<€<3y+a—c

1 1

2

RTF - RT? = 3(5—y)2 >0

1 1 %
RTZF - RT™ = (E—y)(—2£+a—c+3y) >0

! ! 4b

Appendix 22

(a-c)> —7&(a-c)+ &% +9y(a—c) +9y° —9£y) -

RT12E _ R.I_llF - ( 0
36b

In fact, numerator roots are:

9-3J5 7-3V5
£'= 3\/_y+ 3\/_(8.—0) ands":9+3£y+7+3£(a—0)
2 2 2 2
Sinces'< ¥ T37C 1,788+ 0,788a-c) < &', thanRT,” - RT, is non positive.

a-c-e+2y)

RT11E _ RT11F - (

0
16b
N2 na2 A 92
RT,® -RT™ = (a-09* -3 +2gt()a )~ 2y* ~6ey) >0 (see proof in auction licensing
section)
RT™ - RT® = (5 _V)(Zf —3y—(a—c)) >0
! ! 4b
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-23a-c)? +62s(a-c) - 23¢> §

Ife<a-c, R-Ilroyalties _ R-E_lE _ ;
144p

2B

+
In fact, numerator roots are!= =~ a-c andg":31—12\/§(a—c)

23

+ —
Since3y—2aC <£<1,788+0,788a-c) and € <a-c thanthe numerator is positive and

R-I-lroyalties > RTllE

oo 311203

& = a-c) . :
c | o / 777777777777777777
=
)y %
0,788a-c)
a-c |
? 5'=M_27f/5(a—c)
le\/é'(a_c) .
23
c v
i - 2
Sieza-c, R'|'1r°3’f"“'eS _ R-I-llE _ w -0
36b
Appendix 23

-23a-c)® +62s(a—c) - 23¢° >

Ife<a-c, R-Ilroyalties _ R-E_lE _ ;
144p

e _(a-c+e)’
36b

Ife>a-c, RTlroyalties ~RT, 0
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R-|-11E _ R-l-le - 5(a—c+£) >0
144p

PR Y _ _ 2 _ 2
RT* -RT™ = ((a c)’ +2y(a (;)b+ bey-2y” ~3¢ )> 0(See proof in auction licensing

section)

_ 2967 —g(14{a-c)+72y)-7(a-c)’ +36y°
720

RT™ -RT"" >0 (See proof in fixed fee

licensing section)

762 - g(4(a-c)+18y)+ 7(a-c)? +18y°

R.I_llF _ RT12F _
720

>0 (See proof in fixed fee

licensing section)

Appendix 24

when 2y +a-c<é&<c we havee 2 a-c which meansRT,”*** -RT" = 0

2
R.I_lNL _R.I-llF _ (a C+€)
36b

>0
R.I_llF _ R.I.llE -0

2
Sa-c+e) |

R-I-llF _ RT12E -
144p

RleE _ RT12F -0

Appendix 25

. If y<g<w

ST? >ST%* > ST >ST* >ST™

In fact,

ST — QT2 = (‘9 —y)(3£—5y—2(a—c)) >0
8b
ST g = (5 - V)(_31£ +33y + 22(a—c)) >0
32b
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STF — ST = 3(5 _y)(5+y+2(a_c)) >0
16b

(- y)(-9¢ + 7y +5(a-c))

If e<a-c , STes - gTN =
8b

STroyaIties _ STNL < 0 If £< 7y + 59(a_ C)

STroyaIties _ STNL S O If &> 7y + 59(a_ C)
(112 -14y -3(a-c))(-c+2y +a-c)

|f £>a-—-¢C , STroyaIties _ STNL —
32b

14y +3(a-c)
11

14y +3(a—c)
11

STroyaIties _ STNL <0if €<

S-I-royalties _ STN'— >S0if €>

Sign of: ST™ates — gTN

3y+a-c 8:14y+3(a—c) 5:7y+5(a—c)
£=2y+a-c 2 11 9

© L~ g=a-c

0,076a-c) 033(a-c) 057(a-c) a-c C y

26— (9(a-c)+4p)e+4(a-c)y +4y*
8h

<0

If e<a-c , ST™es _ gT2F =

In fact,
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The numerator roots areg':y+%(a—c)+%\/8](a—c)2+4Oy(a—c)—16y2 and

£'= y+%(a—c) —%\/81(a—c)2 +40y(a-c) -16)°

y+a-c

We can check that'< y < <a-c<¢&" and than numerator sign is non positive. In

fact, denoting byd =a-c, we can writeg'—y:%J—%JSMZ + 400 -16)° .

The following 3d plot shows that the sign ef-y is non positive fory <d (necessary
condition because in this case we hgve £ <a-—c since imitation ca not be greater than

innovation and innovation can not excegec)

40
30
20
10

-10:
20

pell]
100

3y +2a—c _ _%VJF%JWL%JBMZ +40y5-16y> >0. Plotting this

equation in 3d we obtain the followings graphs:

We also have &"-
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400

300

200

100

108

3y +

. : . -Cc . . .
The licensing regime for total surplus whes € < is fixed fee for two firms.

3y+a-c

o |f <g<2y+a-c

STZE > STZF > STlF > STlE > S-I-royalties > STNL or
STZE > STZF > STlF > STlE > STNL > S-I-royalties

Royalties are Dbetter in terms of total surplus thamo licensing when

3y+a-c

<g<2y+ta-c and£>%(a_c)

a7



While royalties licensing become the worst regimheww<g<—7y+5(a_c)

which corresponds to a weak imitatigrn< al_—gc .

The best licensing regime for total surplus is actian licensing for two firms
In fact,

ST — T = (g— ZV;éa_C))Z >0

ST?F —ST¥ >0 (see proof in fixed fee licensing section)

_(e+6y+7(a-c))7e-6y+a-c)
144b

ST -ST* = 0

ST* - ST™ >0 (see proof in auction licensing section)

a-c)’+7¢(a-c) —52)

If e<a-c , STZE _ STroyaIties - ((

>0
8b
In fact, numerator signs are:= 7_;/§3(a—c) <0<a-c<g'= 7+;/§3(a—c) and than
. 3y+a-c _ N

numerator sign Whenz— <&<2y+a-c and0<e<a-c is positive.

_ 2
If e2a-c, ST*® —ST>¥"* = M >0

32b

_ 2
If e>a-c , S-I-lE _ S-I-royalties — M >0

72b

—c) - _ 2
If e<a—-c , ST — STOvalles — _ 7(3- C) l66s(a—c)+79¢ >0
288

In fact, numerator roots aref:%g“/ﬁ(a_c) < a;C <a-c< 5"2%:\/1_1(a—c)

, 3y+a-c . .
and than numerator sign WheigT <g<2y+a-c ande<a-c is positive.

S|g|n Of: STroyaIties _ STNL
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_14y+3(a-c) . 7y+5(a—c)

11 9
C o\ @ .
O
a—c
5(a—c)
9
a-c
2
3(a-c)
11
0,076(a— C) 033(a— C) OS?(a— C) a _ c C ’

-9 +7y+5(a-c))

|f e<a-c , S-I-royalties _ S-I-NL - (_ y)(
8b

S-I-royalties _ S-I-NL <0 if £< 7y + 59(a_ C)

S-I-royalties _ S-I-NL >0 if £> 7y + 59(a_ C)

(Le-14y-3@-0)f-e+2y+a-c)

|f £>a-—-¢C , STroyaIties _ STNL —
32b

0

e If 2y+a-c<e<c

STZE - STZF > STlF > STlE > STNL - S-I-royalties
In fact,

ST* - ST =0

ST?" —ST¥ >0 (See proof in fixed fee licensing section)



_ 2
STF —STE = % >0
ST* - ST™ >0 (See proof in auction licensing section)

STroyaIties _ STNL =0
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